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Abstract
We explore a conjecture of Morel about the Bass-Tate transfers defined on the con-
traction of a homotopy sheaf [Mor12] and prove that the conjecture is true with rational
coefficients. Moreover, we study the relations between (contracted) homotopy sheaves,
sheaves with Morel generalized transfers and MW-homotopy sheaves, and prove an equiv-
alence of categories. As applications, we describe the essential image of the canonical
functor that forgets MW-transfers and use theses results to discuss the conservativity
conjecture in A1-homotopy due to Bachmann and Yakerson [BY18, Conjecture 1.1].
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1 Introduction
1.1 Current work
In [Mor12], Morel studied homotopy invariant Nisnevich sheaves in order to provide computational
tools in A1-homotopy analogous to Voevodsky’s theory of sheaves with transfers. The most basic
result is that (unramified) sheaves are characterized by their sections on fields and some extra data
(see Subsection 2.1). One of the main theorem of [Mor12] is the equivalence between the notions of
strongly A1-invariant and strictly A1-invariant for sheaves of abelian groups (see loc. cit. Theorem
1.16). In order to prove this, Morel defined geometric transfers on the contractionM−1 of a homotopy
sheaf (i.e. a strongly A1-invariant Nisnevich sheaf of abelian groups). The definition is an adaptation
of the original one of Bass and Tate for Milnor K-theory [BT73]. Morel proved that the transfers were
functorial (i.e. they do not depend on the choice of generators) for any two-fold contractionM−2 of a
homotopy sheaf and conjectured that the result should hold forM−1 (see Conjecture 4.1.13 or [Mor12,
Remark 4.31]).
The notion of sheaves with generalized transfers was first defined in [Mor11, Definition 5.7] as a
way to formalize the different structures naturally arising on some homotopy sheaves. In Section 3,
we give a slightly modified definition of sheaves with generalized transfers which takes into account
twists by the usual line bundles. Following [Mor12, Chapter 5], we define the Rost-Schmid complex
associated to such homotopy sheaves and study the usual pushforward maps f∗, pullback maps g
∗,
GW-action 〈a〉 and residue maps ∂. Moreover, we prove the following theorem.
Theorem 1 (see Theorem 3.2.3). Let M ∈ HIgtr(k) be a homotopy sheaf with generalized transfers.
The presheaf Γ˜∗(M) of abelian groups, defined by
Γ˜∗(M)(X) = A
0(X,M ⊗ (LX/k)
∨)
for any smooth scheme X/k, is a MW-homotopy sheaf canonically isomorphic to M as presheaves.
In Section 4, we recall the construction of the Bass-Tate transfer maps on a contracted homotopy
sheaf M−1 and prove that this defines a structure of generalized transfers:
Theorem 2 (see Theorem 4.1.19). Let M ∈ HI(k) be a homotopy sheaf. Then:
1. Assume that 2 is invertible. The rational contracted homotopy sheaf M−1,Q is a homotopy sheaf
with generalized transfers.
2. Assuming Conjecture 4.1.13, the contracted homotopy sheaf M−1 is a homotopy sheaf with gen-
eralized transfers.
In particular, we obtain the following intersection multiplicity formula which was left open in
[Fel18]:
Theorem 3 (see Theorem 4.1.15). Let M ∈ HI(k) be a homotopy sheaf. Consider ϕ : E → F and
ψ : E → L with ϕ finite. Let R be the ring F ⊗E L. For each p ∈ SpecR, let ϕp : L → R/p and
ψp : F → R/p be the morphisms induced by ϕ and ψ. One has
M−1(ψ) ◦ Trϕ =
∑
p∈SpecR
ep,εTrϕp ◦M−1(ψp)
where ep,ε =
∑ep
i=1〈−1〉
i−1 is the quadratic form associated to the length ep of the localized ring R(p).
Generalizing ideas of Voevodsky, Calmès and Fasel introduced the additive symmetric monoidal
category C˜ork of smooth k-schemes with morphisms given by the so-called finite Milnor-Witt cor-
respondences (see [BCD+20, Chapter 2]). In Section 5, we recall the basic definitions regarding this
theory and prove that any homotopy sheaf with MW-transfers has a structure of sheaf with generalized
transfers. More precisely, we show that the two notions coincides:
2
Niels Feld MW-homotopy sheaves and Morel generalized transfers
Theorem 4 (Theorem 5.2.5). There is a pair of functors
HIMW(k)
Γ˜∗ //
HIgtr(k)
Γ˜∗
oo
that forms an equivalence between the category of homotopy sheaves with MW-transfers and the category
of homotopy sheaves with generalized transfers.
In Section 6, we prove the following theorem that characterize the essential image of the functor
γ˜∗ : HI
MW(k)→ HI(k) that forgets MW-transfers.
Theorem 5 (Theorem 6.1.5). Let M ∈ HI(k) be a homotopy sheaf. The following assertions are
equivalent:
(i) There exists M ′ ∈ HI(k) satisfying Conjecture 4.1.13 and such that M ≃M ′−1.
(ii) There exists a structure of generalized transfers on M .
(iii) There exists a structure of MW-transfers on M .
(iv) There exists M ′′ ∈ HI(k) such that M ≃M ′′−2.
This result is linked with the conservativity conjecture from [BY18] and allows us to prove the
following theorems.
Theorem 6 (Corollary 6.2.3). Let d > 0 be a natural number. The Bachmann-Yakerson conjecture
holds (integrally) for d = 2 and rationally for d = 1: namely, the canonical functor
SHS
1
(k)(2)→ SH(k)
is conservative on bounded below objects, the canonical functor
SH
S1(k)(1)→ SH(k)
is conservative on rational bounded below objects, and the canonical functor
HI(k,Q)(1)→ HIfr(k,Q)
is an equivalence of abelian categories.
Moreover, let X be a pointed motivic space. Then the canonical map
pi0Ω
d
P1
Σd
P1
X → pi0Ω
d+1
P1
Σd+1
P1
X
is an isomorphism for d = 2.
Theorem 7 (Corollary 6.2.4). The category of homotopy sheaves with generalized transfers, the cate-
gory of MW-homotopy sheaves and the category of homotopy sheaves with framed transfers are equiv-
alent:
HIgtr(k) ≃ HIMW(k) ≃ HIfr(k).
Outline of the paper
In Section 2, we follow [Mor12, Chapter 2] and recall the theory of unramified sheaves and how they
are related to homotopy sheaves of abelian groups.
In Section 3, we define the notion of sheaves with generalized transfers and study the associated
Rost-Schmid complex.
In Section 4, we define the Bass-Tate transfer maps on a contracted homotopy sheaf M−1 and
prove the conjecture of Morel in the case of rational coefficients.
In Section 5, we recall the theory of sheaves with MW-transfers [BCD+20] and prove that it is
equivalent to the notion of sheaves with generalized transfers.
In Section 6, we give some corollaries of Theorem 5.2.5. In particular, we characterize the essential
image of the functor γ˜∗ : HI
MW(k)→ HI(k) that forgets MW-transfers and use the previous results
to discuss the conservativity conjecture in A1-homotopy due to Bachmann and Yakerson (see [BY18,
Conjecture 1.1] and [Bac20]).
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1.2 Notation
Throughout the paper, we fix a (commutative) field k and we assume moreover that k is infinite
perfect of characteristic not 2. We need these assumptions in order to apply the cancellation theorem
[BCD+20, Chapter 4] but we believe these restrictions could be lifted.
We denote by Grp and Ab the categories of (abelian) groups.
We consider only schemes that are essentially of finite type over k. All schemes and morphisms of
schemes are defined over k. The category of smooth k-schemes of finite type is denoted by Smk and
is endowed with the Nisnevich topology (thus, sheaf always means sheaf for the Nisnevich topology).
If X is a scheme and n a natural number, we denote by X(n) (resp. X
(n)) the set of point of
dimension n (resp. codimension n).
By a field E over k, we mean a k-finitely generated field E. Since k is perfect, notice that SpecE
is essentially smooth over S. We denote by Fk the category of such fields.
Let f : X → Y be a morphism of schemes. Denote by Lf (or LX/Y ) the virtual vector bundle
over Y representing the cotangent complex of f , and by Lf (or LX/Y ) its determinant. Recall that
if p : X → Y is a smooth morphism, then Lp is (isomorphic to) Tp = ΩX/Y the space of (Kähler)
differentials. If i : Z → X is a regular closed immersion, then Li is the normal cone −NZX . If f is
the composite Y
i // PnX
p
// X with p and i as previously (in other words, if f is lci projective),
then Lf is isomorphic to the virtual tangent bundle i∗TPnX/X −NY (P
n
X) (see also [Fel18, Section 9]).
Let X be a scheme and x ∈ X a point, we denote by Lx = (mx/m2x)
∨ and Lx its determinant.
Similarly, let v a discrete valuation on a field, we denote by Lv the line bundle (mv/m
2
v)
∨.
Let E be a field (over k) and v a valuation on E. We will always assume that v is discrete.
We denote by Ov its valuation ring, by mv its maximal ideal and by κ(v) its residue class field. We
consider only valuations of geometric type, that is we assume: k ⊂ Ov, the residue field κ(v) is finitely
generated over k and satisfies tr. degk(κ(v)) + 1 = tr. degk(E).
Let E be a field. We denote by GW(E) the Grothendieck-Witt ring of symmetric bilinear forms
on E. For any a ∈ E∗, we denote by 〈a〉 the class of the symmetric bilinear form on E defined by
(X,Y ) 7→ aXY and, for any natural number n, we put nε =
∑n
i=1〈−1〉
i−1.
Acknowledgment
I deeply thank my two PhD advisors Frédéric Déglise and Jean Fasel. Moreover, I would like to thank
Tom Bachmann for precious comments on a draft.
2 Homotopy sheaves
2.1 Unramified sheaves
In this subsection, we summarize [Mor12, Chapter 2] and recall the basic results concerning unramified
sheaves.
Definition 2.1.1. 1. A sheaf of sets S on Smk is said to be A1-invariant if for any X ∈ Smk, the
map
S(X)→ S(A1X)
induced by the projection A1 ×X → X , is a bijection.
2. A sheaf of groups G on Smk is said to be strongly A
1-invariant if, for any X ∈ Smk, the map
HiNis(X,G)→ H
i
Nis(A
1 ×X,G)
induced by the projection A1 ×X → X , is a bijection for i ∈ {0, 1}.
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3. A sheaf of abelian groups M on Smk is said to be strictly A
1-invariant if, for any X ∈ Smk, the
map
HiNis(X,M)→ H
i
Nis(A
1 ×X,M)
induced by the projection A1 ×X → X , is a bijection for i ∈ N.
Remark 2.1.2. In the sequel, we work withM a sheaf of groups. We could give more general definitions
for sheaves of sets but, in practice, we need only the case of sheaves of abelian groups. In that case,
we recall that a strongly A1-invariant sheaf of abelian groups is necessarily strictly A1-invariant (see
[Mor12, Corollary 5.45]).
Definition 2.1.3. An unramified presheaf of groups M on Smk is a presheaf of groups M such that
the following holds:
(0) For any smooth scheme X ∈ Smk with irreducible components Xα (α ∈ X(0)), the canonical map
M(X)→
∏
α∈X(0) M(Xα) is an isomorphism.
(1) For any smooth scheme X ∈ Smk and any open subscheme U ⊂ X everywhere dense in X , the
restriction map M(X)→M(U) is injective.
(2) For any smooth scheme X ∈ Smk, irreducible with function field F , the injective map M(X)→⋂
x∈X(1) M(OX,x) is an isomorphism (the intersection being computed in M(F )).
Example 2.1.4. Homotopy modules with transfers [Dé11] and Rost cycle modules [Ros96] define unram-
ified sheaves. In characteristic not 2, the sheaf associated to the presheaf of Witt groups X →W (X)
is unramified.
We may give an explicit description of unramified sheaves on Smk in terms of their sections on
fields F ∈ Fk and some extra structure. We will say that a function M : Fk → Grp is continuous if
M(F ) is the filtering colimit of the groups M(Fα) where Fα run over the subfields of F of finite type
over k.
Definition 2.1.5 ([Mor12],Definition 2.6). An unramified Fk-datum consists of:
uD1 A continuous functor M : Fk → Grp.
uD2 For any field F ∈ Fk and any discrete valuation v on F , a subgroup
M(Ov) ⊂M(F ).
uD3 For any field F ∈ Fk and any valuation v on F , a map sv : M(Ov) → M(κ(v)), called the
specialization map associated to v.
The previous data should satisfy the following axioms:
uA1 If ι : E ⊂ F is a separable extension in Fk and w is a valuation on F which restrict to a discrete
valuation v on E with ramification index 1, then the arrow M(ι) maps M(Ov) into M(Ow).
Moreover, if the induced extension ι¯ : κ(v)→ κ(w) is an isomorphism, then the following square
M(Ov) //

M(Ow)

M(E) // M(F )
is cartesian.
uA2 Let X ∈ Smk be an irreducible smooth scheme with function field F . If x ∈ M(F ), then x lies
in all but a finite number of M(Ox) where x runs over the set X(1) of points of codimension 1.
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uA3(i) If ι : E ⊂ F is an extension in Fk and w is a discrete valuation on F which restricts to a
discrete valuation v on F , then M(ι) maps M(Ov) into M(Ow) and the following diagram
M(Ov) //

M(Ow)

M(κ(v)) //M(κ(w))
is commutative.
uA3(ii) If ι : E ⊂ F is an extension in Fk and w a discrete valuation on F which restricts to zero on
E, then the mapM(ι) :M(E)→M(F ) has its image contained inM(Ov). Moreover, if ι¯ : E ⊂
κ(w) denotes the induced extension, the composition M(E) // M(Ov)
sv //M(κ(w)) is
equal to M(ι¯).
uA4(i) For any smooth scheme X ∈ Smk local of dimension 2 with closed point z ∈ X(2), and for
any point y0 ∈ X(1) with y¯0 ∈ Smk, then sy0 :M(Oy0)→M(κ(y0) maps ∩y∈X(1)M(Oy¯0,z) into
M(κ(y0)).
uA4(ii) The composition
⋂
y∈X(1) M(Oy)→M(Oy¯0,z)→M(κ(z))
does not depend on the choice of y0 such that y¯0 ∈ Smk.
2.1.6. An unramified sheaf M defines in an obvious way an unramified Fk-datum. Indeed, taking the
evaluation on the field extensions of k yields a restriction functor:
M : Fk → Grp, F 7→M(F )
such that, for any field F with valuation v, we have an M(Ov) ⊂M(F ) and a specialization map sv :
M(Ov)→M(κ(v)) (obtained by choosing smooth models over k for the closed immersion Specκ(v)→
SpecOv). We claim that this satisfies axioms uA1,...,uA4(ii).
Reciprocally, given an unramified Fk-datum M and X ∈ Smk an irreducible smooth scheme with
function field F , we define the subsetM(X) ⊂M(F ) as the intersection
⋂
x∈X(1) M(Ox) ⊂M(F ). We
extend the definition for anyX so that property (0) is satisfied. Using the fact that any map f : Y → X
between smooth schemes is the composition Y
  // Y ×k X // // X of closed immersion followed
by a smooth projection, one can define an unramified sheaf M : Smk → Grp. In short, we have the
following theorem.
Theorem 2.1.7. [Mor12, Theorem 2.11] The two functors described above define an equivalence
between the category of unramified sheaves on Smk and that of unramified Fk-data.
2.1.8. From now on, we will not distinguish between the notion of unramified sheaves on Smk and
that of unramified Fk-datum. In the remaining subsection, we fix M an unramified sheaf of groups
on Smk and explain how it is related to strongly A
1-invariant sheaves.
2.1.9. Notation If ϕ : E → F is an extension of fields, the map
M(ϕ) :M(E)→M(F )
is also denoted by resϕ, resF/E or ϕ∗.
2.1.10. Let F ∈ Fk be a field and v a (discrete) valuation on F . We define the pointed set
H1v (Ov;M) =M(F )/M(Ov).
This is a left M(F )-set. Moreover, for any point y of codimension 1 in X ∈ Smk, we set H1v (X, ;M) =
H1y (OX,y;M). By axiom uA2, if X is irreducible with function field F , the induced left action ofM(F )
on
∏
y∈X(1) H
1
y (X,M) preserves the weak-product
6
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∏′
y∈X(1) H
1
y (X,M) ⊂
∏
y∈X(1) H
1
y (X,M)
where the weak-product
∏′
y∈X(1) H
1
y (X,M) means the set of families for which all but a finite number
of terms are the base point of H1y (X,M). By definition and axiom uA2, the isotropy subgroup of this
action of M(F ) on the base point of
∏′
y∈X(1) H
1
y (X,M) is exactly M(X) = ∩y∈X(1)M(OX,y). We
summarize this property by saying that the diagram
1→M(X)→M(F )⇒
∏′
y∈X(1) H
1
y (X,M)
is exact.
Definition 2.1.11. For any point z of codimension 2 in a smooth scheme X , we denote by H2z (X,M)
the orbit set of
∏′
y∈X
(1)
z
H1y (X,M) under the left action of M(F ) where F ∈ Fk is the function field
of Xz.
2.1.12. For an irreducible essentially smooth scheme X with function field F , we define the boundary
M(F )-equivariant map
∏′
y∈X(1) H
1
y (X,M)→
∏
z∈X(2) H
2
z (X,M)
by collecting together the compositions
∏′
y∈X(1) H
1
y (X,M)→
∏′
y∈X
(1)
z
H1y (X,M)→ H
2
z (X,M)
for each z ∈ X(2).
It is not clear in general whether or not the image of the boundary map is always contained in the
weak product
∏′
z∈X(2) H
2
z (X,M). For this reason we introduce the following axiom:
uA2’ For any irreducible essentially smooth scheme X , the image of the boundary map
∏′
y∈X(1) H
1
y (X,M)→
∏
z∈X(1) H
2
z (X,M)
is contained in the weak product
∏′
z∈X(2) H
2
z (X,M).
2.1.13. From now on we assume that M satisfies uA2’. For any smooth scheme X irreducible with
function field F , we have a complex C∗(X,M)
1→M(X)→M (0)(X)⇒M (1)(X)→M (2)(X)
where M (0)(X) =
∏′
x∈X(0) M(κ(x)) =
∏
x∈X(0) M(κ(x)), M
(1)(X) =
∏′
y∈X(1) H
1
y (X,M) and
M (2)(X) =
∏′
z∈X(2) H
2
z (X,M). By construction, this complex is exact (in an obvious sense, see
[Mor12, Definition 2.20]) for any (essentially) smooth local scheme of dimension ≤ 2.
Definition 2.1.14. A strongly unramified Fk-data is an unramified Fk-data satisfying uA2’ and the
following axioms on M :
uA5(i) For any separable finite extension ι : E ⊂ F in Fk, any discrete valuation w on F which
restricts to a discrete valuation v on E with ramification index 1, and such that the induced
extension ι¯ : κ(v)→ κ(w) is an isomorphism, the commutative square of groups
M(Ov) //

M(E)

M(Ow) // M(F )
induces a bijection H1w(Ow,M) ≃ H
1
v (Ov,M).
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uA5(ii) For any étale morphism X ′ → X between smooth local k-schemes of dimension 2, with
closed point respectively z′ and z, inducing an isomorphism on the residue fields κ(z) ≃ κ(z′),
the pointed map
H2z (X,M)→ H
2
z′(X
′,M)
has trivial kernel.
uA6 For any localization U of a smooth k-scheme at some point u of codimension ≤ 1, the complex:
1→M(A1U )→M
(0)(A1U )⇒M
(1)(A1U )→M
(2)(A1U )
is exact. Moreover, the morphism M(U)→M(A1U ) is an isomorphism.
Theorem 2.1.15. [Mor12, Theorem 2.27] There is en equivalence between the category of strongly
A1-invariant sheaves of groups on Smk and that of strongly unramified Fk-data of groups on Smk.
Definition 2.1.16. A strongly A1-invariant Nisnevich sheaf of abelian groups is called a homotopy
sheaf. We denote by HI(k) the category of homotopy sheaves and natural transformations of sheaves.
2.1.17. Monoidal structure Recall that there is a canonical adjunction of categories
Deff
A1
(k)
O //
D(Sh(Smk))
pi
A1
oo
whereDeff
A1
(k) the effective A1-derived category andD(Sh(Smk)) is the derived category of complexes of
sheaves over Smk (see [CD12, §5]). Thanks to Morel’s A
1-localization theorem, we can prove that there
is a unique t-structure on Deff
A1
(k) such that the forgetful functor O is t-exact and that the category of
homotopy sheavesHI(k) is equivalent to the heart (Deff
A1
(k))♥ for this t-structure (in particular, HI(k)
is a Grothendieck category). Since the canonical tensor product ⊗
D
eff
A1
is right t-exact, it induces a
monoidal structure on HI(k). Precisely, if F,G ∈ HI(k) are two homotopy sheaves, then their tensor
product is
F ⊗HI G = HA
1
0 ◦ O ◦ piA1(F ⊗Deff
A1
G)
where HA
1
0 is the homology object in degree 0 for the homotopy t-structure.
2.2 Contracted homotopy sheaves
2.2.1. In this section, we fix M ∈ HI(k) a homotopy sheaf. Recall that the contraction M−1 is by
definition the sheaf of abelian groups
X 7→ ker(M(Gm ×X)→M(X)).
Equivalently, we have
M−1 = Hom(Gm,M)
where Hom is the internal hom-object of HI(k). According to [Mor12, Lemma 2.32], the sheaf M−1
is also a homotopy sheaf and is called a contracted homotopy sheaf.
2.2.2. Any unit map a : Gm → Gm induces a morphism
〈a〉 : Hom(Gm,M)→ Hom(Gm,M)
and thus a GW-module structure on M−1 (see [Mor12, Lemma 3.49]). Moreover, we have a bilinear
pairing
8
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KMW1 ×M−1 →M
([u], µ) 7→ [u] · µ.
2.2.3. Let N ∈ HI(k) be another homotopy sheaf and assume N is equipped with a GW-module
structure. Let X ∈ Smk be a smooth scheme and L a vector line bundle on X . As usual, we define
the twist of N by L:
N{L} = N ⊗Z[Gm] Z[L
×]
as the sheaf associated to the presheaf on the Zariski site XZar:
U 7→ N(U)⊗Z[OX(U)×] Z[L
×
U ]
where L×U is the set of isomorphisms between OU and LU (which may be empty). We put N(X,L) =
Γ(X,N{L}) and remark that, if X is affine, then N(X,L) = N ⊗Z[Gm] Z[L
×]. In particular, this
definition applies to the sheaf N =M−1.
2.2.4. Cohomology with support exact sequence Let M ∈ HI(k) be a homotopy sheaf. For
any closed immersion i : Z → X of smooth schemes over k, with complementary open immersion
j : U → X , there exists a canonical cohomology with support exact sequence of the form:
ΓZ(X,M)
i∗ // M(X)
j∗
// M(U)
∂ // H1Z(X,M)
// . . .
2.2.5. The purity isomorphism (more precisely: the axiom uA5(i) and [Mor12, Lemma 3.50]) implies
that for any discrete valuation v on a field F ∈ Fk, one has a canonical bijection
H1v (Ov,M) ≃M−1(κ(v),Lv)
and thus obtain a residue map
∂v :M(F )→M−1(κ(v),Lv).
Proposition 2.2.6. Let M ∈ HI(k) be a homotopy sheaf and consider the following commutative
square
T 
 k //
 _
q

Y  _
p

Z 

i
// X
of closed immersions of separated schemes over k. We have the following diagram
ΓT (X,M)
k∗ //
q∗

ΓY (X,M)
k′∗ ////
p∗

ΓY−T (X − Z,M)
∂k //
p˜∗

H1T (X,M)
q∗

ΓZ(X,M)
i∗ //
q′∗

M(X)
i′∗ //
p′∗

M(X − Z)
p˜′∗

∂i // H1Z(X,M)
q′∗

ΓZ−T (X − Y,M)
i˜∗ //
∂k

M(X − Y )
i˜′∗ //
∂p

M(X − (Y ∪ Z))
(∗)∂p˜

∂i˜ // H1Z−T (X − T,M)
∂k˜

H1T (X,M) k∗
// H1Y (X,M) k′∗
// H1Y−T (X − Z,M) ∂k
// H2T (X,M)
with obvious maps. Each squares of this diagram is commutative except for (∗) which is anti-
commutative.
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Proof. This is a classical consequence of the octahedron axiom.
The next proposition is a direct application of the functoriality in M of the cohomology with
support exact sequence.
Proposition 2.2.7. Let i : Z → X a closed immersion with complementary open immersion
j : U → X. Let α ∈ KMW1 (X). Then the following diagram is commutative:
ΓZ(X,M−1)
i∗ //
γα

M−1(X)
j∗
//
γα

M−1(U)
∂Z,X
//
γα

H1Z(X,M−1)
γα

ΓZ(X,M)
i∗ // M(X)
j∗
// M(U)
∂Z,X
// H1Z(X,M)
where γα is the multiplication map (see 2.2.2).
3 Sheaves with generalized transfers
3.1 Morel’s axioms
The following definition is a slightly improved version of Morel’s definition in [Mor11, Definition 5.7].
It is directly inspired by Rost’s theory of cycles modules. Lastly, it can be seen as an effective counter-
part of our own axiomatic of MW-cycle modules in [Fel18].
Definition 3.1.1. LetM be a homotopy sheaf (i.e. a strongly A1-invariant Nisnevich sheaf of abelian
groups on Smk). We say that M has a structure of generalized transfers if M has a structure of
GW-modules and satisfies the following datum
eD2 For each finite extension ϕ : E → F in Fk a map
Trϕ = TrF/E :M(F,LF/k)→M(E,LE/k)
called the transfer morphism from F to E.
In addition, this datum satisfies the following axioms:
eR1b TrIdE = IdM(E) and for any composable finite morphisms ϕ and ψ in Fk, we have
Trψ◦ϕ = Trϕ ◦Trψ.
eR1c Consider ϕ : E → F and ψ : E → L with ϕ finite. Let R be the ring F ⊗E L. For each
p ∈ SpecR, let ϕp : L → R/p and ψp : F → R/p be the morphisms induced by ϕ and ψ. One
has
M(ψ) ◦Trϕ =
∑
p∈SpecR
ep,εTrϕp ◦M(ψp)
where ep,ε =
∑ep
i=1〈−1〉
i−1 is the quadratic form associated to the length ep of the localized ring
R(p).
eR2 Let ψ : E → F be a finite extension of fields.
eR2b For 〈a〉 ∈ GW(E) and µ ∈M(F,LF/k), one has TrF/E
(
〈ψ(a)〉 · µ
)
= 〈a〉 · TrF/E(µ).
eR2c For 〈a〉 ∈ GW(F,LF/k) and µ ∈M(E), one has TrF/E
(
〈a〉 · resF/E(µ)
)
= TrF/E(〈a〉) · µ.
eR3b Let ϕ : E → F be a finite extension of fields and let v be a valuation on E. For each extension
w of v, we denote by ϕw : κ(v)→ κ(w) the induced morphism. We have
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∂v ◦ Trϕ =
∑
w Trϕw ◦∂w
where ∂v : M(E,LE/k) → M(κ(v),Lκ(v)/k) and ∂w : M(F,LF/k) → M(κ(w),Lκ(w)/k) are the
residue maps defined in 2.2.5.
Remark 3.1.2. Our definition differs from Morel’s in two ways. First, we have taken into account the
twists naturally arising (this is not really important if one works in zero characteristic). Second, the
axiom A3 of loc. cit. is replaced by eR3b (these two axioms are equivalent in some cases).
Remark 3.1.3. We know from 2.1.15 that homotopy sheaves can be understood as certain functors
on function fields. Taking into account this fact, our axioms are indeed effective variants of that
of Milnor-Witt cycle modules. In fact, we will see that they correspond to homotopy sheaves with
Milnor-Witt transfers, as MW-cycle modules correspond to homotopy modules. (This explains our
choice of numbering of the axioms.)
Remark 3.1.4. A homotopy sheaf with generalized transfers is a particular case of a sheaf with A1-
transfers as defined in [BY18, §5].
Example 3.1.5. 1. The Milnor-Witt sheaf KMW has a structure of generalized transfers ([Mor12,
§4.2], or [Fel18, Theorem 4.13], see also Theorem 4.1.15).
2. If M is a homotopy sheaf with generalized transfers, then so is M−1.
3. In the next section, we will give conditions for a contracted homotopy sheafM−1 to be equipped
with a structure of generalized transfers.
Definition 3.1.6. A map between homotopy sheaves with Morel generalized transfers is a natural
transformation commuting with the transfers. We denote by HIgtr(k) the category of homotopy
sheaves with (Morel) generalized transfers over k.
3.1.7. Rost-Schmid complex LetM ∈ HIgtr(k) and let X be a scheme essentially of finite type over
k. We define the Rost-Schmid complex as the graded abelian group defined for any n ∈ N by:
Cn(X,M) =
⊕
x∈X(n) M−n(κ(x),Lκ(x)/k).
The transition maps d are defined as follows. If X is normal with generic point ξ, then for any
x ∈ X(1) the local ring of X at x is a valuation ring so that we have a map ∂x :M−n(κ(ξ),Lκ(ξ)/k)→
M−n−1(κ(x),Lκ(x)/k) for any n.
Now suppose X is a scheme essentially of finite type over k and let x, y be two points in X . We
define a map
∂xy :M−n(κ(x),Lκ(x)/k)→M−n−1(κ(y),Lκ(y)/k)
as follows. Let Z = {x}. If y 6∈ Z, then put ∂xy = 0. If y ∈ Z, let Z˜ → Z be the normalization and put
∂xy =
∑
z|y
Trκ(z)/κ(y) ◦ ∂z
with z running through the finitely many points of Z˜ lying over y.
Thus, we may define a differential map
d =
∑
x,y ∂
x
y : C
n(X,M)→ Cn+1(X,M).
Proposition 3.1.8. For any homotopy sheaf M and any scheme essentially of finite type X, the
Rost-Schmid complex C∗(X,M) is a complex.
Proof. See [Mor12, Theorem 5.31].
Definition 3.1.9. For any homotopy sheaf M and any scheme essentially of finite type X , the coho-
mology groups associated to the Rost-Schmid complex are denoted by A∗(X,M).
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We now define the usual basic maps for the Rost-Schmid complex and prove that they are complex
morphisms in some special cases.
3.1.10. Pullback Let M ∈ HIgtr(k). Let f : X → Y be an essentially smooth morphism of schemes
essentially of finite type. Suppose X connected and denote by s the relative dimension of f . Define
f∗ : C∗(Y,M)→ C∗(X,M ⊗ L∨X/Y )
as follows. If f(x) = y, then (f∗)yx = Θ ◦ resκ(x)/κ(y), where Θ is the canonical isomorphism induced
by LSpecκ(x)/ Specκ(y) ≃ LX/Y ×X Specκ(x). Otherwise, (f
∗)yx = 0. If X is not connected, take the
sum over each connected component.
3.1.11. Pushforward Let M ∈ HIgtr(k). Let f : X → Y be a morphism between schemes essentially
of finite type over k and assume that X is connected (if X is not connected, take the sum over each
connected component). Let d = dim(Y )− dim(X). We define
f∗ : C
∗(X,M)→ C∗−d(Y,M−d)
as follows. If y = f(x) and κ(x) is finite over κ(y), then put (f∗)
y
x = Trκ(x)/κ(y) where Trκ(x)/κ(y) is
the transfer map eD2 if n = 0, and is the transfer map coming from the induced generalized transfers
on M−1 if n > 0. Otherwise, put (f∗)
y
x = 0.
3.1.12. GW-action Let M ∈ HIgtr(k). Let X be a scheme essentially of finite type and a ∈ O∗X a
global unit. Define a morphism
〈a〉 : C∗(X,M)→ C∗(X,M)
as follows. Let x, y ∈ X(p) and ρ ∈ M−∗(κ(x),Lx/k). If x = y, then 〈a〉
y
x(ρ) = 〈a(x)〉 · ρ. Otherwise,
〈a〉yx(ρ) = 0.
3.1.13. Boundary maps Let M ∈ HIgtr(k). Let X be a scheme essentially of finite type over k, let
i : Z → X be a closed immersion and let j : U = X \Z → X be the inclusion of the open complement.
We will refer to (Z, i,X, j, U) as a boundary triple and define
∂ = ∂UZ : Cp(U,M)→ Cp−1(Z,M)
by taking ∂xy to be as the definition in 3.1.7 with respect to X . The map ∂
U
Z is called the boundary
map associated to the boundary triple, or just the boundary map for the closed immersion i : Z → X .
We now fix M ∈ HIgtr(k) a homotopy sheaf with generalized transfers and study the morphisms
defined on the Rost-Schmid complex C∗(?,M).
Proposition 3.1.14 (Functoriality and base change). 1. Let f : X → Y and f ′ : Y → Z be two
morphisms of schemes essentially of finite type. Then
(f ′ ◦ f)∗ = f
′
∗ ◦ f∗.
2. Let g : Y → X and g′ : Z → Y be two essentially smooth morphisms. Then (up to the canonical
isomorphism given by LZ/X ≃ LZ/Y + (g
′)∗LY/Z):
(g ◦ g′)∗ = g′∗ ◦ g∗.
3. Consider a pullback square
U
g′
//
f ′

Z
f

Y g
// X
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with f, f ′, g, g′ as previously. Then
g∗ ◦ f∗ = f ′∗ ◦ g
′∗
up to the canonical isomorphism induced by LU/Z ≃ LY/X ×Y U .
Proof. This follows as in [Fel18, Proposition 6.1] from eR1b and eR1c.
Proposition 3.1.15. (i) Let f : X → Y be a finite morphism of schemes essentially of finite type.
Then
dY ◦ f∗ = f∗ ◦ dX .
(ii) Let g : Y → X be an essentially smooth morphism. Then
g∗ ◦ dX = dY ◦ g
∗.
(iii) Let a be a unit on X. Then
dX ◦ 〈a〉 = 〈a〉 ◦ dX
(iv) Let (Z, i,X, j, U) be a boundary triple. Then
dZ ◦ ∂UZ = −∂
U
Z ◦ dU .
Proof. As in [Fel18, Proposition 6.6], (ii), (iii) and (iv) follow easily from the definitions. The assertion
(i) is nontrivial since our axioms are weaker than in the stable case studied in [Fel18, §6]. Fortunately,
Morel proved that the map
g∗ : C∗(Y,N−1)→ C∗(X,N−1)
is a morphism of complexes when N is a homotopy sheaf (see [Mor12, Corollary 5.30])1. The proof
can be adapted almost verbatim if we replace the contracted homotopy sheaf N−1 by any sheaf with
generalized transfers M (the use of [Mor12, Theorem 5.19] is replaced by eR3b).
Remark 3.1.16. According to the previous proposition, the morphisms f∗ for f finite, g
∗ for g essentially
smooth, multiplication by 〈a〉 commute with the differentials. We use the same notations to denote
the induced morphisms on the cohomology groups A∗(X,M).
3.1.17. Monoidal structure Let M,M ′ ∈ HIgtr(k) be two homotopy sheaves with respective
generalized transfers TrM
′
and TrM
′
. Consider the homotopy sheaf M ⊗HIM ′ and define the transfer
maps by
TrM⊗HIM
′
= TrM ⊗HI Tr
M ′
where ⊗HI is the tensor product defined in 2.1.17. It is easy to check that this produces a monoidal
structure on HIgtr(k) such that the forgetful functor
HIgtr(k)→ HI(k)
is monoidal.
1It seems that loc. cit. depends on Conjecture 4.1.13 which is true in our case thanks to eR1b.
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3.2 MW-transfers structure
Definition 3.2.1. LetM ∈ HIgtr(k) be a homotopy sheaf with generalized transfers. For any smooth
scheme X , denote by
Γ˜∗(M)(X) = A
0(X,M ⊗ (LX/k)
∨).
This defines a presheaf Γ˜∗(M).
Theorem 3.2.2. Let M ∈ HIgtr(k) be a homotopy sheaf with generalized transfers. Then the con-
travariant functor Γ˜∗(M) : X 7→ Γ˜∗(M)(X) induces a presheaf on C˜ork.2
Proof. Let X,Y be two smooth schemes (which may be assumed to be connected without loss of
generality) and T ⊂ X × Y be an admissible subset (see Definition 5.1.2). Let β ∈ Γ˜∗(M)(Y ) and
α ∈ C˜H
dY
T (X × Y, ωY ). We set
α∗(β) = (pX)∗(α · p∗Y (β))
where pX : T → X and pY : X×Y → Y are the canonical morphisms, and where the product α ·p∗Y (β)
is defined by linearity thanks to 3.1.12 and Proposition <3.1.15(iii). We remark that the map (pX)∗is
well-defined3 thanks to Proposition 3.1.15(i). This yields to an application α∗ which is additive.
If T ⊂ T ′, we have a commutative diagram
C˜H
dY
T (X × Y, ωY ) //
pX,∗
((❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
C˜H
dY
T ′ (X × Y, ωY )
pX∗

C˜H
0
(X)
with obvious morphisms. Thus α 7→ α∗ defines a map C˜ork(X,Y )→ HomAb(Γ˜∗(M)(Y ), Γ˜∗(M)(X)).
It remains to check that this map preserves the respective compositions. Consider the diagram
X × Z rZ
((
rX
!!
X × Y × Z
qXZ
ff◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
qY Z //
qXY

Y × Z
qZ //
pY

Z
X × Y
qY
//
pX

Y
X.
Let α1 ∈ C˜H
dY
T1 (X × Y, ωY ) and α2 ∈ C˜H
dZ
T2 (X × Z, ωY ) be two correspondences, with T1 ⊂ X × Y
and T2 ⊂ Y × Z admissible. Moreover, let β ∈M(Z). By definition, we have
(α2 ◦ α1)∗(β) = (rX)∗[(qXY )∗(p∗XY α1 · q
∗
Y Zα2) · r
∗
Zβ].
Using the projection formula eR2b, we have
(rX)∗[(qXY )∗(p
∗
XY α1 · q
∗
Y Zα2) · r
∗
Zβ] = (rX)∗[(qXY )∗(p
∗
XY α1 · q
∗
Y Zα2 · q
∗
XY r
∗
Zβ)]
= (pX)∗(pXY )∗(p
∗
XY α1 · q
∗
Y Zα2 · q
∗
XZr
∗
Zβ).
On the other hand,
2See Subsection 5.1 for more details on MW-transfers.
3We have used Voevodsky’s trick here: X × Y 7→ X is not finite, but its restriction pX : T → X is finite
by assumption.
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α∗1 ◦ α
∗
2(β) = α
∗
1((pY )∗(α2 · q
∗
Zβ))
= (pX)∗(α1 · q
∗
Y (pY )∗(α2 · q
∗
Zβ))
By base change 3.1.14, q∗Y (pY )∗ = (pXY )∗q
∗
Y Z and it follows (using the projection formula once again)
that
α∗1 ◦ α
∗
2(β) = (pX)∗(α1 · (pXY )∗(q
∗
Y Zα2 · q
∗
Y Zq
∗
Zβ))
= (pX)∗(pXY )∗(p
∗
XY α1 · q
∗
Y Zα2 · q
∗
XZr
∗
Zβ).
Hence the result.
We have proved the following theorem.
Theorem 3.2.3. Let M ∈ HIgtr(k) be a homotopy sheaf with generalized transfers. The presheaf
Γ˜∗(M) of abelian groups, defined by
Γ˜∗(M)(X) = A
0(X,M ⊗ (LX/k)
∨)
for any smooth scheme X/k, is a MW-homotopy sheaf (see Definition 5.1.10) canonically isomorphic
to M as presheaves.
Proof. This follows from Theorem 3.2.2 and the fact that the natural map M → Γ˜∗(M) agrees on the
stalk level (see [Mor12, Theorem 5.41]).
3.2.4. A morphism of sheaves with generalized transfers commutes with the transfers TrF/E and the
GW -action hence induces a natural transformation on the Rost-Schmid complex which commutes with
the respective maps 3.1.11, 3.1.10 and 3.1.12 defined on the Rost-Schmid complex. After a careful
examination of the proof of Theorem 3.2.2, we can thus define a functor
Γ˜∗ : HI
gtr(k) → HIMW(k)
M 7→ Γ˜∗(M)
which is conservative.
We end this section with a lemma that will be useful later.
Lemma 3.2.5. Let M ∈ HIgtr(k) be a homotopy sheaf with generalized transfers and let ψ : E → F
be a finite extension of fields. For any finite model4 f : Y → X of ψ, we have defined in 3.1.11 a
pushforward map
f∗ : A
0(Y,M)→ A0(X,M).
The limit of all such maps over finite models f : Y → X defines a map
M(F,LF/k)→M(E,LE/k)
which is equal to the generalized transfer map TrF/E.
Proof. This follows from the definitions.
4More precisely, X (resp. Y ) is an irreducible smooth scheme with function field E (resp. F ) and the map
f : Y → X is finite.
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4 Morel’s conjecture on Bass-Tate transfers
4.1 Bass-Tate transfers
4.1.1. LetM be a homotopy sheaf andM−1 its contraction. We recall the construction of the Bass-Tate
transfer maps
trψ = trF/E :M−1(F,LF/k)→M−1(E,LE/k)
defined for any finite map ψ : E → F of fields.
Theorem 4.1.2. Let M ∈ HI(k) be a homotopy sheaf. Let F be a field and F (t) the field of rational
fractions with coefficients in F in one variable t. We have a split short exact sequence
0 // M(F )
res // M(F (t))
d //
⊕
x∈(A1F )
(1) M−1(κ(x),Lx) // 0
where d =
⊕
x∈(A1F )
(1) ∂x is the usual differential (see 3.1.7).
Proof. See [Mor12, Theorem 5.38]5.
Definition 4.1.3 (Coresidue maps). Keeping the previous notations, the fact that the homotopy
sequence is (canonically) split allows us to define coresidue maps
ρx :M−1(κ(x),Lx)→M(F (t))
for any closed points x ∈ (A1F )
(1)
, satisfying ∂x ◦ ρx = Idκ(x) and ∂y ◦ ρx = 0 for x 6= y where
y ∈ (A1F )
(1)
∪ {∞}.
Definition 4.1.4 (Bass-Tate transfers). Let M ∈ HI(k) be a homotopy sheaf. Let F be a field and
F (t) the field of rational fractions with coefficients in F in one variable t. For x ∈ (A1F )
(1)
, we define
the Bass-Tate transfer
trx/F :M−1(F (x),LF (x)/k)→M−1(F,LF/k)
by the formula trx/F = −∂∞ ◦ ρx.
Remark 4.1.5. There is also an equivalent definition of the Bass-Tate transfers that does not use the
coresidue maps (see [Mor12, §4.2].
Lemma 4.1.6. Let M ∈ HI(k) be a homotopy sheaf. Let ϕ : E → F be a field extension which
induces a morphism, and w be a valuation on F which restricts to a non trivial valuation v on E with
ramification e. We have a commutative square
M(E)
∂v //
ϕ∗

M−1(κ(v),Lv)
eε·ϕ¯∗

M(F )
∂w
// M−1(κ(w),Lw)
where ϕ : κ(v)→ κ(w) is the induced map and eε =
∑e
i=1〈−1〉
i−1
.
Proof. See [Fel19, §3]
5In fact, Morel does not use twisted sheaves but chooses a canonical generator for each Lx instead, which
is equivalent.
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We now prove a base change formula (see also [Fel18, Claim 3.10] for a similar result). The proof
is similar to the original case where M represents Milnor K-theory (see [BT73, §1], or [GS17, §7]).
Lemma 4.1.7. Let M ∈ HI(k) be a homotopy sheaf. Let F/E be a field extension and x ∈ (A1E)
(1)
a
closed point. Then the following diagram
M−1(E(x),LE(x)/k)
trx/E
//
⊕y resF (y)/E(x)

M−1(E,LE/k)
resF/E
⊕
y 7→xM−1(F (y),LF (y)/k) ∑
y ey,ε try/F
// M−1(F,LF/k)
is commutative, where the notation y 7→ x stands for the closed points of (A1F ) lying above x, and
ey,ε =
∑ey
i=1〈−1〉
i−1
is the quadratic form associated to the ramification index of the valuation vy
extending vx to F (t).
Proof. According to Lemma 4.1.6, the following diagram
M(E(t))
∂x //
resF (t)/E(t)

M−1(E(x),Lx)
⊕yey,ε resF (y)/E(x)

M(F (t))
⊕y∂y
//
⊕
y 7→xM−1(F (y),Ly)
is commutative hence so does the diagram
M(E(t))
resF (t)/E(t)

M−1(E(x),Lx)
⊕yey,ε resF (y)/E(x)

ρxoo
M(F (t))
⊕
y 7→xM−1(F (y),Ly)⊕yρy
oo
since the difference is killed by all ∂y for y ∈ (A1F )
(1)
∪ {∞}. Then, we conclude according to the
definition of the Bass-Tate transfer maps 4.1.4.
Remark 4.1.8. The multiplicities ey appearing in the previous lemma are equal to
[E(x) : E]i/[F (y) : F ]i
where [E(x) : E]i is the inseparable degree.
Lemma 4.1.9. Let M ∈ HI(k) be a homotopy sheaf. Let ϕ : E → F = E(x) be a simple extension.
Then
1. For 〈a〉 ∈ GW(E) and µ ∈M(F,LF/k), one has trx/E
(
〈ψ(a)〉 · µ
)
= 〈a〉 · trx/E(µ).
2. For 〈a〉 ∈ GW(F,LF/k) and µ ∈M(E), one has trx/E
(
〈a〉 · resF/E(µ)
)
= trx/E(〈a〉) · µ.
Proof. This follows by GW-linearity from the definitions (see [BY18, Lemma 5.24]).
Definition 4.1.10. Let M ∈ HI(k) be a homotopy sheaf. We denote by MQ the homotopy sheaf
defined by
X 7→M(X)⊗Z Q
and by M−1,Q the homotopy sheaf (MQ)−1.
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Corollary 4.1.11. LetM ∈ HI(k) be a homotopy sheaf. Let ϕ : E → F = E(x) be a simple extension.
The kernel of the restriction map resF/E : M−1(E)→ M−1(F ) is killed by trx/E(1). In particular: if
the Hopf map η acts trivially on M−1, then the restriction map resF/E : M−1,Q(E) → M−1,Q(F ) is
injective.
Proof. This follows from the previous projection formula and the fact that, if η acts trivially, then the
action of trx/E(1) on M−1,Q(E) is the multiplication by a nonzero natural number.
Definition 4.1.12. Let F = E(x1, x2, . . . , xr) be a finite extension of a field E and consider the chain
of subfields
E ⊂ E(x1) ⊂ E(x1, x2) ⊂ · · · ⊂ E(x1, . . . , xr) = F.
Define by induction:
trx1,...,xr/E = trxr/E(x1,...,xr−1) ◦ · · · ◦ trx2/E(x1) ◦ trx1/E
Conjecture 4.1.13 (Morel conjecture). Keeping the previous notations, the maps trx1,...,xr/E :
M−1(F,LF/k)→M−1(E,LE/k) do not depend on the choice of the generating system (x1, . . . , xr).
Proof. This was claimed by Morel in [Mor12, Remark 4.31] and [Mor11, Remark 5.10] (see also [Bac20,
Remark 4.3] for a similar conjecture).
Proposition 4.1.14 (Projection formulas). Let ϕ : E → F = E(x1, x2, . . . , xr) be a finite extension.
Then
1. For 〈a〉 ∈ GW(E) and µ ∈M(F,LF/k), one has trx1,...,xr/E(〈ψ(a)〉 · µ) = 〈a〉 · trx1,...,xr/E(µ).
2. For 〈a〉 ∈ GW(F,LF/k) and µ ∈M(E), one has trx1,...,xr/E(〈a〉·resF/E(µ)) = trx1,...,xr/E(〈a〉)·µ.
Proof. This is immediate by induction on r according to Lemma 4.1.9.
Theorem 4.1.15 (Strong R1c). Let M ∈ HI(k) be a homotopy sheaf. Let E be a field, F/E a
finite field extension and L/E an arbitrary field extension. Write F = E(x1, . . . , xr) with xi ∈ F ,
R = F ⊗E L and ψp : R→ R/p the natural projection defined for any p ∈ Spec(R). Then the diagram
M−1(F,LF/k)
trx1,...,xr/E //
⊕p res(R/p)/F

M−1(E,LE/k)
resL/E
⊕
p∈Spec(R)M−1(R/p,L(R/p)/k) ∑
p
(mp)ε trψp(a1),...,ψp(ar)/L
// M−1(L,LL/k)
is commutative where (mp)ε the quadratic form associated to the length of the localized ring R(p) (see
Notation 1.2.
Proof. We prove the theorem by induction. For r = 1, this is Lemma 4.1.7. Write E(x1)⊗EL =
∏
j Rj
for some Artin local L-algebras Rj , and decompose the finite dimensional L-algebra F ⊗E(x1) Rj as
F ⊗E(x1) Rj =
∏
iRij for some local L-algebras Rij . We have F ⊗E L ≃
∏
i,j Rij . Denote by Lj
(resp. Lij) the residue fields of the Artin local L-algebras Rj (resp. Rij), and mj (resp. mij) for their
geometric multiplicity. one can conclude as the following diagram commutes
M−1(F,LF/k)
trx1,...,xr/E //
⊕ij resLij/F

M−1(E(x1),LE(x1)/k)
⊕ resLj/E(x1)

trx1/E // M−1(E,LE/k)
resL/E
⊕
ijM−1(Lij ,LLij/k)∑
ij(mijm
−1
j )ε trψij(x1),...,ψij(xr)/Lj
//
⊕
jM−1(Lj ,LLj/k) ∑
j(mj)ε trψj(x1)/L
// M−1(L,LL/k)
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since both squares are commutative by the inductive hypothesis and the multiplicity formula (mn)ε =
mεnε for any natural numbers m,n.
Proposition 4.1.16. Let M ∈ HI(k) be a homotopy sheaf. Let E → F a field extension. If the Hopf
map η acts trivially on M−1, then the restriction map resF/E :M−1,Q(E)→M−1,Q(F ) is injective.
Proof. We may assume that F/E is finitely generated. By induction on the number of generators of
F over E, we may assume that F = E(x) is generated by a single element x ∈ F . If x is algebraic
over E, we know from Corollary 4.1.11 that resF/E is killed by Trx/E(1). Since the Hopf map acts
trivially, the action of Trx/E(1) is given by the multiplication by [F : E] and we obtain the result. If
x is transcendent over E, then we know that M−1(E) is a direct summand in M−1(F ).
Corollary 4.1.17. Let M ∈ HI(k) be a homotopy sheaf. Let F/E be a finite field extension, and let
x1, . . . , xr and y1, . . . , ys be two generating system for F/E. If the Hopf map η acts trivially on M−1,
then
trx1,...,xr/E = try1,...,ys/E
seen as morphism from M−1,Q(F ) to M−1,Q(E).
Proof. We apply Theorem 4.1.15 two times with F = E(x1, . . . , xr) and F = E(y1, . . . , ys), and with
L = E an algebraic closure of E. Hence resL/E ◦ trx1,...,xr/E = resL/E ◦ try1,...,ys/E and we end with
Proposition 4.1.16.
Theorem 4.1.18. Assume that 2 is invertible. Let M ∈ HI(k) be a homotopy sheaf. The sheaf M−1,Q
has functorial Bass-Tate transfer maps in the sense of Corollary 4.1.17.
Proof. The sheafM−1,Q splits into two sheavesM
+
−1,Q andM
−
−1,Q. On one hand, the Hopf map η acts
trivially on M+−1,Q hence there is a structure of functorial transfers thanks to Corollary 4.1.17. On
the other hand, the Hopf map η is invertible on the minus part, leading to an isomorphism between
M−1,Q and (M−1,Q)−1. The latter has a structure of functorial transfers according to [Mor12, Chapter
4]. Hence the result.
We summarize the previous results in the following theorem.
Theorem 4.1.19. Let M ∈ HI(k) be a homotopy sheaf. Then:
1. Assume that 2 is invertible. The rational contracted homotopy sheaf M−1,Q is a homotopy sheaf
with generalized transfers.
2. Assuming Conjecture 4.1.13, the contracted homotopy sheaf M−1 is a homotopy sheaf with gen-
eralized transfers.
Proof. The GW-action is defined in 2.2.2, functoriality of transfers eR1b follows from Corollary 4.1.17
or Conjecture 4.1.13, the base change eR1c is Theorem 4.1.15, the projection formulas eR2 are proved
in Proposition 4.1.14 and the compatibility axiom eR3b can be deduced from [Mor12, Theorem 5.19].
4.2 Unicity of transfers
The goal of this subsection is to prove Theorem 4.2.3 which asserts that the structure of Bass-Tate
transfer maps on a contracted homotopy sheaf M−1 is, in some sense, unique.
Lemma 4.2.1 (eR3c and eR3d). Let M ∈ HI(k) be a homotopy sheaf. Let ι : E → F be an extension
of fields and w a valuation on F that restricts to the trivial valuation on E. Then the composition
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M(E)
ι∗ // M(F )
∂w // M−1(κ(w),Lw)
is zero. Moreover, let ι¯ : E → κ(w) be the induced map. For any prime pi of w, the following diagram
M−1(E)
ι∗ //
ι¯∗

M−1(F )
[pi]

M−1(κ(w)) M(F )
Θ◦∂w
oo
is commutative (where Θ is the canonical isomorphism induced by the trivialization of Lw through the
choice of pi).
Proof. The first identity is deduced from the long exact sequence 2.2.4. The commutative square
follows from [BY18, Corollary 5.23].
Lemma 4.2.2 (eR3e). Let E be a field over k with a valuation v and u a unit of v. Then
∂v ◦ [u] = ε[u] ◦ ∂v
where ε is −〈−1〉 as usual.
Proof. See [Mor12, Lem 5.10].
Theorem 4.2.3. Let M ∈ HIgtr(k) be a homotopy sheaf with generalized transfers. We have for any
simple extension ψ : F → F (x):
(a) A generalized transfer map Trψ : M−1(F (x),LF (x)/k) → M−1(F,LF/k) induced by the structure
of a homotopy sheaf with generalized transfers on M (see also Remark 3.1.5).
(b) A Bass-Tate transfer map trx/F :M−1(F (x),LF (x)/k)→M−1(F,LF/k) defined in 4.1.4.
Then the two transfer maps coincide : Trψ = trx/F .
Proof. Fix a field F and F (t) the field of rational fractions with coefficients in F in one variable t, and
fix a simple extension ψ : F → F (x). Consider the canonical inclusion ι : F (x)→ F (x)(t) and define
Φx :M−1(F (x),LF (x)/k)→M(F (t),LF (t)/k)
as the composite Φx = TrF (x)(t)/F (t) ◦[t− ι(x)] ◦ ι
∗ where Tr denotes the generalized transfers of point
(a). A combination of eR3b, Lemma 4.2.1 and Lemma 4.2.2 shows that
∂x ◦ Φ
x = IdM(F (t),LF (t)/k),
−∂∞ ◦ Φ
x = TrF (x)/F ,
which is exactly the definition of the Bass-Tate transfers trF (x)/F .
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5 MW-homotopy sheaves
5.1 Sheaves with MW-transfers
In this subsection, we recall the basic definition of sheaves with MW-transfers in order to fix the
notations. We follow the presentation of [BCD+20, Chapter 2].
5.1.1. Let X and Y be smooth schemes over k and let T ⊂ X × Y be a closed subset. Any irreducible
component of T maps to an irreducible component of X through the projection X ×Y → X (in other
words, the canonical projection map from T to X is finite equidimensional).
Definition 5.1.2. If, when T is endowed with its reduced structure, this map is finite and surjective
for every irreducible component of T , we say that T is an admissible subset of X × Y . We denote by
A(X,Y ) the set of admissible subsets of X × Y , partially ordered by inclusions.
5.1.3. If Y is equidimensional, d = dimY and pY : X×Y → Y is the projection, we define a covariant
functor
A(X,Y )→ Ab
by associating to each admissible subset T ∈ A(X,Y ) the group C˜H
d
T (X × Y, p
∗
Y LY/k) and to each
morphism T ′ ⊂ T the extension of support morphism
C˜H
d
T ′(X × Y, p
∗
Y LY/k)→ C˜H
d
T (X × Y, p
∗
Y LY/k)
and, using that functor, we set
C˜ork(X,Y ) = colimT∈A(X,Y ) C˜H
d
T (X × Y, p
∗
Y LY/k).
If Y is not equidimensional, then Y =
⊔
j Yj with each Yj equidimensional and we set
C˜ork(X,Y ) =
∏
j C˜ork(X,Yj).
By additivity of Chow-Witt groups, if X =
⊔
iXi and Y =
⊔
j Yj are the respective decompositions
of X and Y in irreducible components, we have
C˜ork(X,Y ) =
∏
i,j C˜ork(Xi, Yj).
Remark 5.1.4. In the sequel, we will simply write LY in place of p
∗
Y LY/k.
Example 5.1.5. Let X be a smooth scheme of dimension d. Then
C˜ork(Spec(k), X) =
⊕
x∈X(d) C˜H
d
{x}(X,LX) =
⊕
x∈X(d) GW(κ(x),Lκ(x)/k).
On the other hand, C˜ork(X, Spec(k)) = C˜H
0
(X) = KMW0 (X) for any smooth scheme X .
5.1.6. The group C˜ork(X,Y ) admits an alternate description which is often useful. Let X and Y
be smooth schemes, with Y equidimensional. For any closed subscheme T ⊂ X × Y of codimension
d = dimY , we have an inclusion
C˜H
d
T (X × Y,LY/k) ⊂
⊕
x∈(X×Y )(d) K
MW
0 (κ(x), det(Lx ⊗ (LY/k)x))
and thus
C˜ork(X,Y ) =
⋃
T∈A(X,Y ) C˜H
d
T (X × Y,LY/k) ⊂
⊕
x∈(X×Y )(d) K
MW
0 (κ(x), det(Lx ⊗ (LY/k)x)).
In general, the inclusion C˜ork(X,Y ) ⊂
⊕
x∈(X×Y )(d) K
MW
0 (κ(x), det(Lx ⊗ (LY/k)x)) is strict as shown
by Example 5.1.5. As an immediate consequence of this description, we see that the map
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C˜H
d
T (X × Y,LY )→ C˜ork(X,Y )
is injective for any T ∈ A(X,Y ).
5.1.7 (Composition of finite MW-correspondences). Let X,Y and Z be smooth schemes of respective
dimension dX , dY and dZ , with X and Y connected. Let V ∈ A(X,Y ) and A(Y, Z) be admissible
subsets. If β ∈ C˜H
dY
V (X × Y,LY/k) and α ∈ C˜H
dZ
T (Y × Z,LZ/k) are two cycles, then the expression
α ◦ β = (qXY )∗[(qY Z)∗β · (pXY )∗α]
is well-defined and yields a composition
◦ : C˜ork(X,Y )× C˜ork(Y, Z)→ C˜ork(X,Z)
which is associative.
Definition 5.1.8. The category of finite MW-correspondences over k is by definition the category
C˜ork whose objects are smooths schemes and whose morphisms are the abelian groups C˜ork(X,Y ).
Remark 5.1.9. The category C˜ork is a symmetric monoidal additive category (see [BCD
+20, Chapter
2, Lemma 4.4.2]).
Definition 5.1.10. A presheaf with MW-transfers is a contravariant additive functor C˜ork → Ab.
A (Nisnevich) sheaf with MW-transfers is a presheaf with MW-transfers such that its restriction to
Smk via the graph functor is a Nisnevich sheaf. We denote by P˜Sh(k) (resp. S˜h(k)) the category of
presheaves (resp. sheaves) with MW-transfers and by HIMW(k) the category of homotopy sheaves
with MW-transfers (also called MW-homotopy sheaves).
Example 5.1.11. For any j ∈ Z, the contravariant functor X 7→ KMWj (X) is a presheaf on C˜ork.
5.1.12. Pushforwards Let X and Y be two smooth schemes of dimension d and let f : X → Y be a
finite morphism such that any irreducible component of X surjects to the irreducible component of Y
it maps to. Assume that we have an orientation (L, ψ) of Lf , that is an isomorphism ψ : L⊗L → Lf
of line bundles. We define a finite correspondence α(f,L, ψ) ∈ C˜ork(Y,X). Let γ′f : X → Y ×X be
the transpose of the graph of f . Since X is an admissible subset, we have a transfer map
(γ′f )∗ : K
MW
0 (X,Lf )→ C˜H
d
X(Y ×X,LX/k)→ C˜ork(Y,X).
The map ψ yields an isomorphismKMW0 (X)→ K
MW
0 (X,Lf ). We define the finite MW-correspondence
α(f,L, ψ) as the image of 〈1〉 under the composite
KMW0 (X)→ K
MW
0 (X,Lf )→ C˜H
d
X(Y ×X,LX/k)→ C˜ork(Y,X).
Now let M ∈ HIMW(k) be a homotopy sheaf with MW-transfers. Denote by (M ⊗ Lf )X (resp.
MY ) the canonical (twisted) sheaf associated to M defined on the Zariski site XZar (resp. YZar)
introduced in 2.2.3 and define a natural transformation
f∗ : f∗(M ⊗ Lf )X →MY
by taking (as in 2.2.3) the sheafification of the natural transformation of presheaves
V ∈ YZar 7→ (M(f
−1(V ),Lf
|f−1(V )
)→M(V ))
(µ⊗ l) 7→ α(f, ψl, Ll)∗(µ)
where (ψl,Ll) is the orientation of Lf|f−1(V ) associated to l ∈ L
×
f|f−1(V )
. Taking global sections, this
leads in particular to a map
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M([tf ]) :M(X,Lf)→M(Y )
for any finite morphism f : X → Y .
We can check the following propositions.
Proposition 5.1.13. Let M ∈ HIMW(k) and consider two finite morphisms X
f
// Y
g
// Z of
smooth schemes. Then
M([t(g ◦ f)]) =M([tg]) ◦M([tf ]).
Proof. Keeping the previous notations, if (L′, ψ′) is an orientation of Lg, then (L⊗f∗L′, ψ⊗f∗ψ′) is an
orientation of Lg◦f = Lf⊗f
∗Lg, and we have α(f,L, ψ)◦α(g,L
′, ψ′) = α(g◦f,L⊗f∗L′, ψ⊗f∗ψ′).
Proposition 5.1.14. Let M ∈ HIMW(k) be a homotopy sheaf with MW-transfers. Let i : Z → X and
i′ : T → Y be two closed immersions and let f : Y → X be a finite morphism. The following diagram
M(Y − T,L(Y−T )/k)
∂ //
M([tf ])

M−1(T,LT/k)
M([tf ])

M(X − Z,L(X−Z)/k)
∂ // M−1(Z,LZ/k)
is commutative.
5.1.15. Tensor products Let X1, X2, Y1, Y2 be smooth schemes over Spec k. Let d1 = dimY1 and
d2 = dimY2. Let α1 ∈ C˜H
d1
T1(X1 × Y1,LY1/k) and α2 ∈ C˜H
d2
T2(X2 × Y2,LY2/k) for some admissible
subsets Ti ⊂ Xi × Yi. The exterior product defined in [Fas08, §4] gives a cycle
(α1 × α2) ∈ C˜H
d1+d2
T1×T2(X1 × Y1 ×X2 × Y2, p
∗
Y1
LY1/k ⊗ p
∗
Y2
LY2/k)
where pYi : X1 × Y1 × X2 × Y2 → Yi is the canonical projection to the corresponding factor. Let
σ : X1 × Y1 × X2 × Y2 → X1 ×X2 × Y1 × Y2 be the transpose isomorphism. Applying σ∗, we get a
cycle
σ∗(α1 × α2) ∈ C˜H
d1+d2
σ(T1×T2)(X1 ×X2 × Y1 × Y2, p
∗
Y1
LY1/k ⊗ p
∗
Y2
LY2/k).
Since p∗Y1LY1/k ⊗ p
∗
Y2
LY2/k) = LY1×Y2/k, it is straightforward to check that σ(T1 × T2) is finite and
surjective over X1 ×X2. Thus σ∗(α1 ×α2) defines a finite MW-correspondence between X1×X2 and
Y1 × Y2.
Definition 5.1.16. Let X1, X2, Y1, Y2 be smooth schemes over Spec k, and α1 ∈ C˜ork(X1, Y1) and
α2 ∈ C˜ork(X2, Y2) two MW-correspondences. We define their tensor products as X1 ⊗X2 = X1 ×X2
and α1 ⊗ α2 = σ∗(α1 × α2).
5.1.17. We denote by c˜(X) : Y 7→ C˜ork(Y,X) the representable presheaf associated to a smooth
scheme X (be careful that this is not a Nisnevich sheaf in general). The category of MW-presheaves is
an abelian Grothendieck category with a unique symmetric monoidal structure such that the Yoneda
embedding
C˜ork → S˜h(k), X 7→ a˜c˜(X)
is symmetric monoidal (where a˜ is the sheafification functor, see [BCD+20, Chapter 3, §1.2.7]). The
tensor product is denoted by ⊗HIMW and commutes with colimits (hence the monoidal structure is
closed, see [BCD+20, Chapter 3, §1.2.14]).
5.1.18. Let M ∈ HIMW(k) be a homotopy sheaf with MW-transfers. The GW -module structure
induced on M−1 is compatible with the GW -module structure defined on M−1 in 2.2.2.
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5.2 Structure of generalized transfers
In this section, we study the category of MW-homotopy sheaves. For any MW-homotopy sheaf we
construct a canonical structure of generalized transfers (see Definition 3.1.1).
5.2.1. LetM ∈ HIMW(k) be a homotopy sheaf with MW-transfers. We denote by Γ˜∗(M) the homotopy
sheaf M equipped with its structure of GW-module coming from its structure of MW-transfers, and
we define generalized transfers as follows. Let ψ : E → F be a finite extension of fields. Consider a
smooth model (X, x) (resp. (Y, y)) of E/k (resp. F/k) such that ψ corresponds to a map Yy → Xx. We
may assume that this map is induced by a finite morphism f : Y → X . We consider the pushforward
on the MW–homotopy sheaf Γ˜∗(M) with respect to the finite morphism f defined in 5.1.12 and take
the limit over all model of F/E so that we obtain a morphism
ψ∗ : Γ˜∗(M)(F,LF/k)→ Γ˜
∗(M)(E,LE/k)
of abelian groups. This defines a homotopy sheaf Γ˜∗(M) canonically isomorphic to M (as presheaves)
and equipped with a structure of transfers eD2.
Theorem 5.2.2. Keeping the previous notations, the transfer maps ψ∗ defines a structure of gener-
alized transfers (see Definition 3.1.1) on the homotopy sheaf Γ˜∗(M).
Proof. The functoriality property eR1b results from Proposition 5.1.13.
According to Proposition 4.1.9 and Theorem 4.1.15, the projection formulas eR2 and the base
change rule eR1c are true for any contracted homotopy sheaf hence we only have to prove that Γ˜∗(M)
is a contracted homotopy sheaf:
Lemma 5.2.3. Let M ∈ HIMW(k) a MW-homotopy sheaf. Then there is a canonical isomorphism
Γ˜∗(M) ≃ (Gm ⊗HIMW Γ˜
∗(M))−1
of homotopy sheaves which is compatible with the generalized transfers structure in the sense that the
diagram
Γ˜∗(M)(E(x))
ψ∗
//
≃

Γ˜∗(M)(E)
≃

(Gm ⊗HIMW Γ˜
∗(M))−1(E(x))
trx/E
// (Gm ⊗HIMW Γ˜
∗(M))−1(E)
is commutative for any simple extension ψ : E → E(x) of fields, where trx/E is the Bass-Tate transfer
map defined in 4.1.4.
Proof. The isomorphism Γ˜∗(M) ≃ (Gm ⊗HIMW Γ˜
∗(M))−1 is an equivalent reformulation of the can-
cellation theorem [FO17, Theorem 4.0.1]. The second assertion is a corollary of Theorem 4.2.3.
Still denoting by M ∈ HIMW(k) a MW-homotopy sheaf, we need to check that Γ˜∗(M) satisfies
eR3b where M ∈ HIMW(k), which deduced from the definitions and Proposition 5.1.14.
5.2.4. As in 3.2.4, we see that Γ˜∗ defines a functor
Γ˜∗ : HIMW(k)→ HIgtr(k)
M 7→ Γ˜∗(M)
which is conservative.
Theorem 5.2.5. Keeping the previous notations, the functors
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HIMW(k)
Γ˜∗ //
HIgtr(k)
Γ˜∗
oo
form an equivalence of categories.
Proof. First, letM ∈ HIgtr(k) be a homotopy sheaf with generalized transfers. For any smooth scheme
X , we have a canonical isomorphism
aX : Γ˜
∗Γ˜∗(M)(X)→M(X)
which is compatible with pullback maps and the GW-action. Compatibility with the generalized
transfers eD2 results from Lemma 3.2.5.
Second, let M ∈ HIMW(k) be a MW-homotopy sheaf. For any smooth scheme X , we have a
canonical isomorphism
bX :M → Γ˜∗Γ˜∗(M)(X)
which is compatible with (smooth) pullbacks and the GW-action. Since pushforward p∗ of a finite map
p : Y → X is locally given by the multiplication by the correspondence α(p, ψl, Ll) of 5.1.12, we see that
b commutes with p∗. Thus b commutes with the multiplication by any cycle α ∈ C˜H
dY
T (X × Y,LY/k)
(where X,Y are two smooth schemes and T ∈ X × Y is an admissible subset) thanks to the identity
α∗(β) = (pX)∗(α · p∗Y (β))
where pX : T → X × Y and pY : X × Y → Y are the canonical morphisms.
6 Applications
6.1 Infinite suspensions of homotopy sheaves
In order to fix notations, we recall that we have the following commutative diagram of categories :
H•(k)
Σ∞
S1 //
SHS
1
(k)
Ω∞
S1
oo
Σ∞
Gm //
N

SH(k)
Ω∞
Gm
oo
N

Deff
A1
(k)
K
OO
Σ∞ //
DA1(k)
Ω∞
oo
K
OO
whereH•(k) is the pointed unstable homotopy category, SH
S1(k) (resp. SH(k)) is the category obtain
after S1-stabilization (resp. P1-stabilization) and Deff
A1
(k) (resp. DA1(k)) the (resp. stable) effective
A1-derived category (see [CD12, §5]); all of these triangulated categories are equipped with Morel’s
homotopy t-structure. Since Ω∞ and K are t-exact, we have an equivalence (of additive symmetric
monoidal categories) DA1(k)
♥ ≃ SH(k)♥ and an adjunction on the respective hearts (see also [BD17,
§4]):
HI(k)
σ∞ //
HM(k).
ω∞
oo
Lemma 6.1.1. With the previous notations, if the functor Σ∞ is fully faithful, then so is σ∞.
Proof. For any sheaf M ∈ HI(k), we have ω∞(M) = Ω∞(M) = H0Ω∞(M) and σ∞(M) =
τ≥0Σ
∞(M) = H0Σ
∞(M) hence the arrow
Id→ ω∞σ∞ = H0(Id→ Ω∞Σ∞)
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is an isomorphism if Σ∞ is fully faithful.
Remark 6.1.2. The converse is not true in general (except maybe for connective spectra).
We also have the following commutative diagram of categories
Deff
A1
(k)

Σ∞ // DA1(k)

D˜M
eff
(k)
Σ∞MW // D˜M(k)
where D˜M
eff
(k) and D˜M(k) are the categories of (effective) MW-motivic complexes (see [BCD+20,
Chapter 3]). Looking at the respective hearts, we thus obtain the following commutative diagram
HI(k)
σ∞ //
γ˜∗

HM(k)
ω∞
oo
γ∗

HI
MW(k)
σ∞MW //
γ˜∗
OO
HM
MW(k).
ω∞MW
oo
γ∗
OO
Finally, we recall the two following well-known theorems in order to motivate Theorem 6.1.5.
Theorem 6.1.3. With the previous notations, the adjunction
HM(k)
γ∗
//
HMMW(k).
γ∗
oo
is an equivalence of categories.
Proof. See [Fel19, Theorem 5.2].
Theorem 6.1.4. With the previous notations, the functor σ∞MW : HI
MW(k) → HMMW(k) is fully
faithful.
In particular, if M ∈ HIMW(k) is a sheaf with MW-transfers, then for any natural number n,
there exists a sheaf with MW-transfers N ∈ HIMW(k) such that M ≃ N−n.
Proof. Use Lemma 6.1.1 and [BCD+20, Chapter 3, Cor. 3.3.9].
The previous theorems hint that similar results should hold for the functor γ˜∗ : HI
MW(k)→ HI(k)
that forgets MW-transfers. This functor is clearly faithful and conservative but cannot be full according
to the following counterexample due to Bachmann:
Consider the constant sheaf Z, which admits MW-transfers. For any MW-homotopy sheaf F , the
set of maps HomHIMW (Z, F ) injects into the subset of F (k) given by the annihilator of the fundamental
ideal I of GW(k) acting on F (k) (since Z = GW /I and maps with MW-transfers from GW to F are
given by F (k)). On the other hand, the set of maps HomHI(Z, F ) is given by all of F (k).
However, we can still characterize its essential image thanks to the following Theorem.
Theorem 6.1.5. Let M ∈ HI(k) be a homotopy sheaf. The following assertions are equivalent:
(i) There exists M ′ ∈ HI(k) satisfying Conjecture 4.1.13 and such that M ≃M ′−1.
(ii) There exists a structure of generalized transfers on M .
(iii) There exists a structure of MW-transfers on M .
(iv) There exists M ′′ ∈ HI(k) such that M ≃M ′′−2.
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Proof. (i)⇒ (ii) See Theorem 4.1.19.
(ii)⇒ (iii) See Theorem 5.2.5.
(iii) ⇒ (iv) Assume M ∈ HIMW(k). Put M∗ = σ∞MW(M) ∈ HM
MW(k) so that we have
ω∞MW(M∗) = M0 ≃ (M2)−2. Since σ
∞
MW is fully faithful, the map M → ω
∞
MWσ
∞
MW(M) is an iso-
morphism thus M ≃M ′′−2 with M
′′ =M2.
(iv)⇒ (i) Straightforward.
Remark 6.1.6. Keeping the previous notations, we remark that the equivalence (i)⇔ (ii) was conjec-
tured by Morel in [Mor11, Remark 5.10].
6.2 Towards conservativity of G
m
-stabilization
We end with a discussion about a conjecture introduced in [BY18]. In the classical theory of topological
spaces, the functor Spc∗ → D(Ab), sending a space to its singular chain complex, is conservative on
(at least) simply connected spaces. We would like to study a similar question in the motivic context:
up to which extent is the functor
Σ∞Gm : SH
S1(k)→ SH(k)
conservative ? The conjecture of Bachmann and Yakerson relied on the hope that this is true after
Gm-suspension. Precisely, for any natural number n, denote by SH
S1(k)(n) the localizing subcategory
of SHS
1
(k) generated by ΣnGmΣ
∞
S1X+ where X ∈ Smk. The fact that the functor Σ
∞
Gm
: SHS
1
(k)(1)→
SH(k) is conservative on bounded below objects reduces to proving the following statement (see [BY18,
Conjecture 1.1]).
Conjecture 6.2.1 (Bachmann-Yakerson). If d ≥ 1 is a natural number, then the canonical functor
Σ∞−d♥Gm : SH
S1(k)(d)♥ → SH(k)eff
♥
is an equivalence of abelian categories.
Recall that SH(k)eff denotes the localizing subcategory generated by the image of SHS
1
(k) in
SH(k) under Σ∞Gm and the hearts are taken with respect to homotopy t-structures on these categories.
As a reformulation of the conjecture, we remark that the category SHS
1
(k)♥ is equivalent to the
category of homotopy sheaves HI(k) and that the category SH(k)eff♥ is equivalent to the category
HIfr(k) of homotopy sheaves with framed transfers (see [BY18, Theorem 5.14]). In [Bac20], Bachmann
proved the following theorem.
Theorem 6.2.2. Let d > 0 be a natural number. If d > 1 or Conjecture 4.1.13 holds, then for
any homotopy sheaf M ∈ HI(k), the Bass-Tate transfers on M−d extend to framed transfers and the
canonical functor
Σ∞−d♥Gm : SH
S1(k)(d)♥ → SH(k)eff
♥
is an equivalence of abelian categories.
Proof. Let M ∈ HI(k) be a homotopy sheaf. If d > 1 (resp. if Conjecture 4.1.13 holds), then M−d
(resp. M−1) has a structure of generalized transfers hence of Milnor-Witt transfers according to Section
5. Thus it has a structure of framed transfers (see [BCD+20, Chapter 3, §2]) and the first result holds.
The second one is [Bac20, Theorem 4.5].
As an application of our theorem 4.1.19, we obtain:
Corollary 6.2.3. Let d > 0 be a natural number. The Bachmann-Yakerson conjecture holds (inte-
grally) for d = 2 and rationally for d = 1: namely, the canonical functor
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SH
S1(k)(2)→ SH(k)
is conservative on bounded below objects, the canonical functor
SH
S1(k)(1)→ SH(k)
is conservative on rational bounded below objects, and the canonical functor
HI(k,Q)(1)→ HIfr(k,Q)
is an equivalence of abelian categories.
Moreover, let X be a pointed motivic space. Then the canonical map
pi0Ω
d
P1
Σd
P1
X → pi0Ω
d+1
P1
Σd+1
P1
X
is an isomorphism for d = 2.
Proof. The last result follows as in the proof of [Bac20, Theorem 1.1].
Moreover, we can solve (integrally) a question left open after the work of [BCD+20] and [GP14]:
Corollary 6.2.4. The category of homotopy sheaves with generalized transfers, the category of MW-
homotopy sheaves and the category of homotopy sheaves with framed transfers are equivalent:
HIgtr(k) ≃ HIMW(k) ≃ HIfr(k).
Proof. The first equivalence is our Theorem 5.2.5; the second one is due to Bachmann (combine [Bac18,
Proposition 29] and [BY18, Theorem 5.14]).
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